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soft-gluon effects

I Perturbative QCD predictions for semi-inclusive quantities
are sensitive to soft-gluon effects.

I Energy or momentum cuts → logarithms of hard scales.
Origin: the cancellation of real and virtual IR singularities.

I In the threshold regions where the real emission is kinematically
inhibited (soft) these scales are strongly ordered.
→ The logarithmic terms are strongly enhanced.

I αSL ∼ 1 → perturbative expansion spoiled. Fixed-order predictions
deviate significantly from the available experimental results.

I A reliable evaluation of any cross-section in the near-threshold region
requires the all-order resummation of the large logarithms.
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resummation
σ(res) ∼ σ(0)C(αS) exp{L g1(αSL) + g2(αSL) + αS g3(αSL) + . . . }

LL NLL NNLL
I The logarithmic structure is, to some extent, universal.
I C(αS): process-dependent constant terms,

→ real corrections + (multi-loop) virtual corrections,
→ fixed-order calculation: Nx LO to control Nx LL terms!

I Resummed results are available in QCD and SCET, for hadron-hadron
scattering processes with 2 hard partons at LO, both for
qT resummation [Parisi et al. ’79, Curci et al. ’79, Dokshitzer et al. ’80, Bassetto et
al. ’80, Kodaira et al. ’82, Davies et al. ’84, Collins et al. ’85, Catani et al. ’88, de
Florian et al. ’01, Catani et al. ’01, Bozzi et. al.’06, Catani et al. ’11, Becher et al. ’11]
and for threshold resummation [Sterman ’86, Catani et al. ’89, Catani et al. ’90,
Vogt ’00, Catani et al. ’01, Catani et al. ’03, Moch et al. ’05, Laenen et al. ’05].
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I We focus on scatterings with 4 QCD partons at the LO.
I We calculate the NLO (logs and non-logs) enhanced corrections.
I See also:

[Kidonakis et al. ’96, Bonciani et al. ’98, Kidonakis et al. ’98, Laenen et al. ’98, Catani
et al. ’98, Bonciani et al. ’03] [Manohar ’03, Idilbi et al. ’06, Becher et al. ’06, Becher et
al. ’07, Ahrens et al. ’08, Beneke et al. ’09, Becher et al. ’09]
[Laenen et al. ’98, Catani et al. ’98, Sterman et al. ’00, Bolzoni et al. ’05, Becher et al.
’09] [Kidonakis et al. ’99, Becher et al. ’11, de Florian et al. ’05]
[Kidonakis et al. ’96, Bonciani et al. ’98, Laenen et al. ’98, Almeida et al. ’08, Beneke et
al. ’09, Czakon et al. ’09, Ferroglia et al. ’09, Ahrens et al. ’10, Ahrens et al. ’11, Li et
al. ’13] [Catani et al. ’96, Kidonakis et al. ’98, de Florian et al. ’07] [Almeida et al. ’09,
Kelley et al. ’10] [Beenakker et al. ’13] [Kidonakis et al. ’10, Zhu et al. ’10].
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how: soft and collinear approximations in QCD

I Eikonal approximation in color space (∀ emitter ai ):

|Mg (k)|2 = −2παS

4∑
i ,j=1

pipj
(pik)(pjk)

〈M(0)|Ti · Tj |M(0)〉.

3 Fully factorised (+ phase-space factorisation in conjugate space).
3 Universal: the same expression whatever the emitter.

! Non-soft collinear emission → Altarelli-Parisi splitting functions:

T2
i

pik
1

1− zij
→ T2

i
pik

(
1

1− zij
+ < regular as zij → 1 >

)
.

! The sum of virtual, real and collinear counterterms (PDFs) is finite.
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1. single-hadron inclusive cross section
I At high pT : leading contributions at the partonic threshold.

h1h2 → h3X a1a2 → a3X

dσh1h2h3

d3P3/E3
(Pi ) =

∑
a1,a2,a3

f (µF )
h1/a1

⊗ f (µF )
h2/a2

⊗ d (µf )
h3/a3

⊗ d σ̂a1a2a3

d3p3/p0
3

(pi , µF , µf )

dη d2pT

I Up to NLO:

d σ̂sing
a1a2a3

d3p3/p0
3

=
α2

S(µ2
R)

π s

[ 1
v

d σ̂(0)

dv δ(1− w) +
αS(µ2

R)

2π v s C
(1)(s, v ; w) +O(α2

S)
]

at fixed

s, v = 1 +
t
s , w =

−u
s + t (s ↔ pT , v ↔ η, xth = 1− w).
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I Structure of the singular term at NLO: [Aversa, Chiappetta, Greco, Guillet ’89]

C(1)(s, v ; w)= C3

(
ln(1− w)

1− w

)
+

+ C2(s, v)

(
1

1− w

)
+

+ C1(s, v) δ(1− w) .

I Our result at threshold, factorized in color space:

16πN(in)C(1) = 〈M(0)|C(1)|M(0)〉+
(
〈M(0)|M(1) fin〉+ c.c.

)
δ(1− w) .

I Logarithmic terms: C(1) = 2
(

ln(1− w)

1− w

)
+

C(1)
LL −

(
1

1− w

)
+

C(1)
L ,

C(1)
LL = 2

3∑
i=1

T2
i − T2

4 , C(1)
L = 2

3∑
i=1

T2
i

(
ln

1 − v
v

+ ln
µ2

Fi
s

)
− 2 T2

4 ln(1 − v)

+ 8
(

T1 · T3 ln(1 − v) + T2 · T3 ln v
)

+ γ4 .

I Hard-virtual amplitude: |M(1) fin〉 = |M(1)〉 − Ĩ(1)(ε) |M(0)〉 .
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2 Ĩ(1)(ε) =
1

Γ(1 − ε)

[
1
ε2

4∑
(i 6=j)=1

Ti · Tj

(
4πµ2

R e−iλijπ

2pipj

)ε
− 1
ε

4∑
i=1

γi

(
4πµ2

R s
u t

)ε ]

+
π2

2

(
T2

1 + T2
2 + 3T2

3 − 4
3T2

4

)
−

3∑
i=1

γi ln µ2
Fi

s v(1 − v)
+ γ4 ln(1 − v)

− 2T2
3 ln v ln µ

2
f

s + 2T2
2 ln 1 − v

v ln µ
2
F
s + ln v ln(1 − v)

(
T2

4 − T2
1 − T2

2 − T2
3
)

+ T2 · T3

(
2π2 + 2 ln v (2 ln(1 − v) − 3 ln v)

)
+ ln2(1 − v)

(
T2

1 + T2
3 − T2

4
)

+ T1 · T3

(
2π2 + 2 ln(1 − v) (ln(1 − v) − 2 ln v)

)
+ ln2 v (T2

2 + T2
3) + K4 .

3 Consistent with (the dominant contribution of) known results:
1. Photoproduction from qg and qq channels [Gordon and Vogelsang ’93]
2. qq and qg scattering [Aversa, Chiappetta, Greco, Guillet ’89]

I Resummation formula: [S.Catani, M.Grazzini, A.T. ’13].
3 Consistent with [D.de Florian, W.Vogelsang ’05] at η = 0 (v = 1/2).
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2. tt̄ pair production
I Similar to Drell-Yan: h1 + h2 → F (M,qT ) + X .

X

(M,qT )q

q̄

I Logarithmically enhanced terms as q2
T � M2.

I Simple color algebra (T2
i = Ci ) :

LL+NLL from soft-collinear radiation,
NLL from hard-collinear radiation.

I Now F is replaced by Q(p3,T3) + Q̄(p4,T4).

X

q

q̄

Q

Q̄

I DY-like collinear emission [Berger, Meng ’94].
I Q massive: additional source of soft radiation
→ extra NLL + color correlations (Ti · Tj).

I Resummed result obtained in SCET
[H.T.Li, C.S.Li, D.Y.Shao, L.L.Yang, H.X.Zhu ’13].

A.Torre 19 June 2014 10



2. tt̄ pair production
I Similar to Drell-Yan: h1 + h2 → F (M,qT ) + X .

X

(M,qT )q

q̄

I Logarithmically enhanced terms as q2
T � M2.

I Simple color algebra (T2
i = Ci ) :

LL+NLL from soft-collinear radiation,
NLL from hard-collinear radiation.

I Now F is replaced by Q(p3,T3) + Q̄(p4,T4).

X

q

q̄

Q

Q̄

I DY-like collinear emission [Berger, Meng ’94].
I Q massive: additional source of soft radiation
→ extra NLL + color correlations (Ti · Tj).

I Resummed result obtained in SCET
[H.T.Li, C.S.Li, D.Y.Shao, L.L.Yang, H.X.Zhu ’13].

A.Torre 19 June 2014 10



I Distribution at fixed qµ = pµ3 + pµ4 and Ω ∼ {y3, φ3}:
dσh1h2→QQ̄X

dq2
T dM2dy dΩ =

M2

s
∑
b1,b2

f (µF )
h1/b1

⊗ f (µF )
h2/b2

⊗
d σ̂b1b2→QQ̄X

dx2
T dz1 dz2 dΩ .

I Singular cross section
(

x2
T = q2

T/M2, z1,2 = e±ŷ
√

M2/ŝ
)

:

d σ̂sing
b1b2→QQ̄X

dx2
T dz1 dz2 dΩ =

π

M2

∑
c=q,q̄,g

〈Mfin
cc̄→QQ̄ |∆cc̄;b1b2 (x2

T ; z1, z2) |Mfin
cc̄→QQ̄〉 .

I Hard-virtual amplitude: |Mfin
cc̄→QQ̄〉 =

[
1− ĨDY

cc̄ (ε)− ĨHQ(ε)
]
|Mcc̄→QQ̄〉.

I DY-like soft and collinear emission

+ emission from QQ̄:

∆cc̄;b1b2 (x2
T ; z1, z2) = ∆DY

cc̄;b1b2
(x2

T ; z1, z2) + ∆HQ(x2
T ) δ

(1−z1)
cb1

δ
(1−z2)
c̄b2

+ c.c.

I @ NLO, with
(αS

4π

)
normalization:

∆(1)
HQ(x2

T )− Ĩ(1)
HQ(ε) δ(x2

T ) =
1
ε

(
M2

µ2
R

)−ε
δ(x2)Γ

(1)
T −

(
1

x2
T

)
+

Γ
(1)
T + δ(x2) F(1)

T .
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)

:

d σ̂sing
b1b2→QQ̄X

dx2
T dz1 dz2 dΩ =

π

M2

∑
c=q,q̄,g

〈Mfin
cc̄→QQ̄ |∆cc̄;b1b2 (x2

T ; z1, z2) |Mfin
cc̄→QQ̄〉 .

I Hard-virtual amplitude: |Mfin
cc̄→QQ̄〉 =

[
1− ĨDY
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+

Γ
(1)
T + δ(x2) F(1)

T .
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I Distribution at fixed qµ = pµ3 + pµ4 and Ω ∼ {y3, φ3}:
dσh1h2→QQ̄X

dq2
T dM2dy dΩ =

M2

s
∑
b1,b2

f (µF )
h1/b1

⊗ f (µF )
h2/b2

⊗
d σ̂b1b2→QQ̄X

dx2
T dz1 dz2 dΩ .

I Singular cross section
(

x2
T = q2

T/M2, z1,2 = e±ŷ
√

M2/ŝ
)

:

d σ̂sing
b1b2→QQ̄X

dx2
T dz1 dz2 dΩ =

π

M2

∑
c=q,q̄,g

〈Mfin
cc̄→QQ̄ |∆cc̄;b1b2 (x2

T ; z1, z2) |Mfin
cc̄→QQ̄〉 .

I Hard-virtual amplitude: |Mfin
cc̄→QQ̄〉 =

[
1− ĨDY

cc̄ (ε)− ĨHQ(ε)
]
|Mcc̄→QQ̄〉.

I DY-like soft and collinear emission + emission from QQ̄:
∆cc̄;b1b2 (x2

T ; z1, z2) = ∆DY
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T ) δ
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Γ
(1)
T =

∑
j=3,4

T2
j (1 − iπ) +

∑
i=1,2
j=3,4

Ti · Tj ln
(2pi pj )2

M2m2
j

+ 2T3 · T4

[ 1
2v34

ln
1 + v34
1 − v34

− iπ
( 1

v34
+ 1
)]

,

F(1)
T =

∑
j=3,4

T2
j ln
(

1 +
p2

jT

m2
j

)
−
∑
i=1,2
j=3,4

Ti · Tj Li2

(
−

p2
jT

m2
j

)
+ 2T3 · T4

1
2v34

L34 ,

with

L34 =
1
2

ln
1 + v34
1 − v34

ln
[(

1 +
p2

3T
m2

3

)(
1 +

p2
4T

m2
4

)]
− 2 Li2

2v34
1 + v34

−
1
4

ln2 1 + v34
1 − v34

+
∑
i=1,2

[
Li2

(
1 −

√
1 − v34
1 + v34

r34,i

)
+ Li2

(
1 −

√
1 − v34
1 + v34

1
r34,i

)
+

1
2

ln2 r34,i

]
,

and
v34 =

√
1 −

m2
3m2

4
(p3p4)2 , r34,i =

pi p3
pi p4

√
m2

4
m2

3
.
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qT -subtraction
I Total cross section:

dσNLO
tt̄X = H⊗ dσ0 +

∫
dqT

[(dσtt̄J
dqT

)
−
(dσtt̄

dqT

)
CT

]
,

regular as qT → 0

where H ↔ 〈Mfin|Mfin〉 and
(dσtt̄

dqT

)
CT
↔ 〈M(0)|∆|M(0)〉.

3 qT -subtraction for tt̄ + Jet implemented numerically [with H.Sargsyan]
and consistent with know results.

3 Γ
(1)
T consistent with ε-poles in [Catani, Dittmaier, Trócsányi ’00]

and with Γ in [A.Ferroglia, M.Neubert, B.D.Pecjak, L.L.Yang ’09].
3 F(1)

T consistent with [H.T.Li, C.S.Li, D.Y.Shao, L.L.Yang, H.X.Zhu ’13]
in the qq̄ channel (gg channel: check in progress).
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Conclusions
I We have considered a general method to calculate QCD corrections

in soft and collinear limits and we have applied it to hard-scattering
processes involving 4 hard QCD partons at LO.

I From our NLO results, we have extracted the color structure of the
logarithmically enhanced terms and of the hard-virtual amplitude.

1. Single-hadron inclusive cross section at the partonic threshold.
3 NLO in agreement with known results.
→ All-order soft-gluon resummation formula (full NLL + some NNLL).

2. Production of a tt̄ pair with small qT .
3 Agreement with known results at NLO.
3 qT -subtraction at NLO implemented.

→ Work in progress: qT -resummation.
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Thank you!
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Backup: all-order soft-gluon resummation

I In terms of xω = − t + u
s , r =

u
t , p2

T =
t u
s ,

d σ̂a1a2a3

d3p3/p0
3

=
|M(0)

a1a2a3a4 (r , p2
T )|2

(4πs)2 Σa1a2→a3 (xω, r ; p2
T , µF , µf ).

I In Mellin space (N conjugated to xω): [Bonciani, Catani, Mangano, Nason ’03]

Σres
a1a2a3,N =

∏
i=1,2,3

∆ai ,Ni (Q2
i , µ

2
i ) Ja4,N4 (Q2

4 )
〈Mh|∆(int)

N |Mh〉
|M(0)|2

,

where [1305.3870]

∆(int)
N = V †NV N , ln V N =

∑
i 6=j

∫ 1

0

zN−1 − 1
1− z Γ

(
αS
(
(1− z)2p2

T
)
, r
)
,

|Mh〉 = [1− Ih] |M〉 .
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